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THE ANGEHRN–SIU TYPE EFFECTIVE FREENESS
FOR QUASI-LOG CANONICAL PAIRS
HAIDONG LIU
Abstract. We prove the Angehrn–Siu type effective freeness and
effective point separation for quasi-log canonical pairs. As a natu-
ral consequence, we obtain that these two results hold for semi-log
canonical pairs. One of the main ingredients of our proof is the
inversion of adjunction for quasi-log canonical pairs, which is es-
tablished in this paper.
1. Introduction
The theory of mixed Hodge structures plays an important role in
the recent developments of the minimal model program (see, for exam-
ple, [KS11]). Now we have various powerful vanishing theorems based
on the theory of mixed Hodge structures on cohomology with compact
support (see [Fuj09], [Fuj14a], and so on). They are much sharper than
the Kawamata–Viehweg vanishing theorem and the (algebraic version
of) Nadel vanishing theorem. By these new vanishing theorems, the
fundamental theorems of the minimal model program were established
for quasi-log canonical (qlc, for short) pairs (see [Fuj09], [Fuj14a], and
so on). Note that the notion of quasi-log structures was first intro-
duced by Ambro in [Amb03]. The category of qlc pairs is very large
and contains kawamata log terminal pairs, log canonical pairs, quasi-
projective semi-log canonical pairs (see [Fuj14c, Theorem 1.1]), and
so on. The notion of qlc pairs seems to be indispensable for the co-
homological study of semi-log canonical pairs (see [Fuj14c]). In this
paper, we formulate the Angehrn–Siu type effective freeness and effec-
tive point separation for qlc pairs and prove them in the framework of
quasi-log structures. Of course, our results generalize [AS95], [Kol97,
5.8, 5.9], and [Fuj10, Theorems 1.1 and 1.2]. The effective freeness for
qlc pairs is as follows.
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Theorem 1.1 (Effective freeness). Let [X,ω] be a projective qlc pair
such that ω is an R-Cartier divisor and letM be a Cartier divisor on X
such that N =M−ω is ample. Let x ∈ X be a closed point. We assume
that there are positive numbers c(k) with the following properties.
(1) If x ∈ Z ⊂ X is an irreducible (positive dimensional) subvari-
ety, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
k
c(k)
≤ 1.
Then OX(M) has a global section not vanishing at x.
A key ingredient of the proof of Theorem 1.1 is the inversion of
adjunction for qlc pairs (see Theorem 2.10). We will formulate and
prove it in Section 2.
Remark 1.2. In Theorem 1.1, we have H1(X,IW ⊗ OX(M)) = 0,
where W is the minimal qlc stratum of [X,ω] passing through x and
IW is the defining ideal sheaf ofW onX (see Theorem 2.7). Therefore,
the natural restriction map
H0(X,OX(M))→ H
0(W,OW (M))
is surjective. Thus, by replacing X with W , we can assume that X is
irreducible in Theorem 1.1.
By suitably modifying the proof of Theorem 1.1, we can prove the
following effective point separation for qlc pairs without any difficulties.
Theorem 1.3 (Effective point separation). Let [X,ω] be a projective
qlc pair such that ω is an R-Cartier divisor and let M be a Cartier
divisor on X such that N = M − ω is ample. Let x1, x2 ∈ X be two
closed points. We assume that there are positive numbers c(k) with the
following properties.
(1) If Z ⊂ X is an irreducible (positive dimensional) subvariety
that contains x1 or x2, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
21/k
k
c(k)
≤ 1.
Then OX(M) has a global section separating x1 and x2.
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Remark 1.4. In Theorem 1.3, let W1, W2 be the minimal qlc stratum
of [X,ω] passing through x1, x2 respectively. Possibly after switching
x1 and x2, we can assume that dimW1 ≤ dimW2. We put W =
W1 ∪W2 with the reduced structure. Then, by adjunction, [W,ω|W ]
has a natural quasi-log structure with only qlc singularities induced by
[X,ω] (see Theorem 2.7). Moreover, we haveH1(X,IW⊗OX(M)) = 0,
where IW is the defining ideal sheaf of W on X (see Theorem 2.7).
Therefore, the natural restriction map
H0(X,OX(M))→ H
0(W,OW (M))
is surjective. Thus, as in Remark 1.2, we can replace X with W in
Theorem 1.3.
By [Fuj14c, Theorem 1.1], we know that any quasi-projective semi-
log canonical pair has a natural quasi-log structure with only qlc singu-
larities, which is compatible with the original semi-log canonical struc-
ture. Therefore, Theorem 1.1 and Theorem 1.3 also hold for semi-log
canonical pairs. For the precise statements, see Corollary 3.5 and Corol-
lary 4.6. Our proof of Theorem 1.1 and Theorem 1.3 works very well
in the category of quasi-log schemes. On the other hand, it does not
seem to work well in the category of semi-log canonical pairs. This is
one of the key points of formulating and proving the effective freeness
and effective point separation for qlc pairs.
The paper is organized as follows. In Section 2, we recall some basic
definitions and properties of quasi-log schemes. Then we formulate
and prove the inversion of adjunction for qlc pairs, which will play a
crucial role in this paper. Section 3 is devoted to the proof of Theorem
1.1. In Section 4, we prove Theorem 1.3. The proof of Theorem 1.3 is
essentially the same as the proof of Theorem 1.1.
Acknowledgments. The author would like to thank his advisor Pro-
fessor Osamu Fujino all the time for his great support and quite a lot
of wonderful comments and useful discussions.
We will work over C, the complex number field, throughout this
paper. We note that a scheme means a separated scheme of finite
type over C. For the details of the theory of quasi-log schemes, see
[Fuj14a, Chapter 6] and [Fuj14b]. We also note that [Fuj11a] is a
gentle introduction to the theory of quasi-log schemes.
2. Inversion of adjunction
Let us recall the definition of quasi-log schemes, which was first intro-
duced by Ambro in [Amb03]. For the details of the theory of quasi-log
schemes, see [Fuj14a, Chapter 6].
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Definition 2.1 ([Fuj14a, Chapter 6] and [Amb03, Definition 4.1]). A
quasi-log scheme is a scheme X endowed with an R-Cartier divisor (or
R-line bundle) ω on X , a proper closed subscheme X−∞ ⊂ X , and
a finite collection {Ci} of reduced and irreducible subschemes of X
such that there exists a proper morphism f : (Y,BY ) → X from a
globally embedded simple normal crossing pair satisfying the following
properties:
(1) KY +BY ∼R f
∗ω.
(2) The natural map OX → f∗OY (⌈−(B
<1
Y )⌉) induces an isomor-
phism
IX−∞
∼= f∗OY (⌈−(B
<1
Y )⌉ − ⌊B
>1
Y ⌋),
where IX−∞ is the defining ideal sheaf of X−∞.
(3) The collection of subvarieties {Ci} coincides with the images of
(Y,BY )-strata that are not included in X−∞.
The morphism f : (Y,BY )→ X is usually called a quasi-log resolution
of [X,ω]. We sometimes use Nqlc(X,ω) to denote X−∞. If X−∞ = ∅,
then we usually say that [X,ω] is a quasi-log canonical pair (a qlc pair,
for short) or [X,ω] is a quasi-log scheme with only qlc singularities.
We note that X may be reducible and is not necessarily equidimen-
sional in Definition 2.1 (see Example 2.5 below). We give some remarks
on Definition 2.1.
Remark 2.2. Definition 2.1 may look slightly different from the def-
inition in [Amb03]. In [Amb03], Ambro only assumes that (Y,BY ) is
an embedded normal crossing pair (see [Amb03, Section 2] and [Fuj14a,
Chapter 5] for the definitions and examples of embedded normal cross-
ing pair and see [Fuj14b, Appendix] for the difference between embed-
ded normal crossing pair and globally embedded simple normal crossing
pair). By [Fuj14a] and [Fuj14b], we see that Definition 2.1 is equivalent
to the original definition in [Amb03].
Remark 2.3. By [Amb03, Remark 4.2], [X,ω] is a qlc pair if and only
if the coefficients of BY are ≤ 1, that is, BY is a subboundary R-divisor.
In this case, we have OX ∼= f∗OY (⌈−(B
<1
Y )⌉). In particular, we see that
f is surjective and OX ∼= f∗OY . Therefore, f has connected fibers and
X is seminormal. In particular, X is reduced.
Remark 2.4. The subvariety Ci in Definition 2.1 is called a qlc stratum
of [X,ω]. A qlc center of [X,ω] means a qlc stratum of [X,ω] which is
not an irreducible component of X .
We give some examples of qlc pairs to see why the notion of qlc pairs
is very important.
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Example 2.5. Every log canonical pair (X,∆) defines a natural quasi-
log structure on [X,KX + ∆] to make [X,KX + ∆] a qlc pair. This
idea played a crucial role in [KK10] to prove that log canonical pairs
have only Du Bois singularities. Let {Ci}i∈I be the set of log canon-
ical centers of (X,∆). We put W =
⋃
i∈J Ci for any ∅ 6= J ⊂ I
with the reduced structure. Then, by adjunction (see Theorem 2.7),
[W, (KX +∆)|W ] has a natural quasi-log structure with only qlc singu-
larities induced by [X,KX +∆].
Example 2.6. A quasi-projective semi-log canonical pair (X,∆) has
a natural quasi-log structure on [X,KX + ∆] to make [X,KX + ∆] a
qlc pair. For the details, see [Fuj14c, Theorem 1.1].
The above examples show that we need the theory of quasi-log
schemes to understand log canonial pairs and semi-log canonical pairs
deeply.
The following theorem is one of the key results of the theory of quasi-
log schemes, which heavily depends on the theory of mixed Hodge
structures on cohomology with compact support.
Theorem 2.7 ([Amb03, Theorems 4.4 and 7.3] and [Fuj14a, Chapter
6]). Let [X,ω] be a quasi-log scheme and let X ′ be the union of X−∞
with a (possibly empty) union of some qlc strata of [X,ω]. Then we
have the following properties.
(1) (Adjunction). Assume that X ′ 6= X−∞. Then X
′ is a quasi-
log scheme with ω′ = ω|X′ and X
′
−∞ = X−∞. Moreover, the
qlc strata of [X ′, ω′] are exactly the qlc strata of [X,ω] that are
included in X ′.
(2) (Vanishing theorem). Assume that pi : X → S is a proper
morphism between schemes. Let L be a Cartier divisor on X
such that L− ω is nef and log big over S with respect to [X,ω].
Then Ripi∗(IX′⊗OX(L)) = 0 for every i > 0, where IX′ is the
defining ideal sheaf of X ′ on X.
Note that an R-Cartier divisor is called nef and log big over S with
respect to [X,ω] if it is nef and big over S and big over S on every qlc
stratum of [X,ω] when it is restricted to that stratum.
We will use the following two lemmas in the proof of Theorem 1.1
and Theorem 1.3.
Lemma 2.8. Let [X,ω] be a qlc pair and B be an effective R-Cartier
divisor on X. Assume that SuppB contains no qlc centers of [X,ω].
Then [X,ω +B] has a natural quasi-log structure induced by [X,ω].
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Proof. Let f : (Y,BY ) → X be a quasi-log resolution, where (Y,BY )
is a globally embedded simple normal crossing pair. By taking further
blow-ups, we can assume that (Y,BY + f
∗B) is a globally embedded
simple normal crossing pair. We note that B=1Y and Suppf
∗B have no
common components by the assumption. We have KY +BY + f
∗B ∼R
f ∗(ω +B). We put
INqlc(X,ω+B) = f∗OY (⌈−(BY + f
∗B)<1⌉ − ⌊(BY + f
∗B)>1⌋)
⊂ f∗OY (⌈−(B
<1
Y )⌉) = OX.
It gives the so-called ideal sheaf of the non-qlc locus Nqlc(X,ω + B).
By construction, there is a collection of subschemes
{
C i
}
coincides
with the image of (Y,BY + f
∗B)-strata. Note that
{
C i
}
⊃ {Ci} by
construction, where {Ci} is the set of qlc strata of [X,ω]. The above
conditions give a natural quasi-log structure of [X,ω +B]. 
Lemma 2.9 ([Fuj15, Lemma 4.6]). Let [X,ω] be a qlc pair such that
X is irreducible. Let B be an effective R-Cartier divisor on X. Then
[X,ω + B] has a natural quasi-log structure, which coincides with the
original quasi-log structure of [X,ω] outside SuppB.
The following theorem was suggested by Fujino, which is one of the
main ingredients of the proof of Theorem 1.1 and Theorem 1.3 just
as [OT87, Theorem 1] playing a crucial role in [AS95] in the original
analytic case and [Kaw07, Theorem] in [Fuj10] for log canonical pairs.
Theorem 2.10 (Inversion of Adjunction, Osamu Fujino). Let [X,ω]
be a qlc pair and B be an effective R-Cartier divisor on X such that
SuppB contains no qlc centers of [X,ω]. Let X ′ be a union of some
qlc strata of [X,ω], Then [X,ω + B] is qlc in a neighborhood of X ′ if
and only if [X ′, ω|X′ +B|X′ ] is qlc.
Before we prove Theorem 2.10, we have an important remark.
Remark 2.11. In Theorem 2.10, [X ′, ω|X′] is a qlc pair by adjunction
(see Theorem 2.7). By assumption, we see that B|X′ contains no qlc
centers of [X ′, ω|X′]. Then, by Lemma 2.8, we have a natural quasi-log
structure on [X ′, ω|X′ +B|X′].
Proof of Theorem 2.10. We take a quasi-log resolution f : (Z,∆Z) →
X , where (Z,∆Z) is a globally embedded simple normal crossing pair.
By taking some suitable blow-ups, we may assume that the union of all
strata of (Z,∆Z) mapped to X
′, which is denoted by Z ′, is a union of
some irreducible components of Z. We put (KZ +∆Z)|Z′ = KZ′ +∆Z′
and Z ′′ = Z − Z ′. Without loss of generality, we may assume that
(Z,∆Z+f
∗B) is also a globally embedded simple normal crossing pair.
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We put ΘZ = ∆Z +f
∗B. By adjunction, f : (Z ′,∆Z′)→ X
′ is a quasi-
log resolution of [X ′, ω|X′]. We put KZ′ + ΘZ′ = (KZ + ΘZ)|Z′. First,
we may assume that [X,ω + B] is qlc in a neighborhood of X ′. Then
ΘZ′ is a subboundary R-divisor. By construction, f : (Z
′,ΘZ′)→ X
′ is
a quasi-log resolution of [X ′, ω|X′ +B|X′]. Therefore, [X
′, ω|X′ +B|X′]
is also qlc. Next, we assume that [X,ω+B] is not qlc in a neighborhood
of X ′. By replacing B with (1 − ε)B for 0 < ε ≪ 1, we may assume
that ∆=1Z = (∆Z + f
∗B)=1 = Θ=1Z . Note that
INqlc(X,ω+B) = f∗OZ(⌈−(Θ
<1
Z )⌉ − ⌊Θ
>1
Z ⌋)
by definition. We put
X˜ = X ′ ∪ Nqlc(X,ω +B)
and consider the quasi-log structure of [X˜, (ω+B)|X˜] induced by [X,ω+
B]. Then, by adjunction, we obtain
INqlc(X˜,(ω+B)|
X˜
) = f∗OZ′(⌈−(Θ
<1
Z′ )⌉ − ⌊Θ
>1
Z′ ⌋).
We note that ∆=1Z = Θ
=1
Z (see Remark 2.12 below). By assump-
tion, INqlc(X˜,(ω+B)|
X˜
) is nontrivial on X
′ because Nqlc(X,ω + B) =
Nqlc(X˜, (ω +B)|X˜). By construction, we can see that f : (Z
′,ΘZ′)→
X ′ is also a quasi-log resolution of [X ′, ω|X′ +B|X′ ]. Therefore,
INqlc(X′,ω|X′+B|X′ ) = INqlc(X˜,(ω+B)|X˜)
is nontrivial. Thus, we obtain that [X ′, ω|X′ +B|X′ ] is not qlc. 
Remark 2.12. In the proof of Theorem 2.10, we may assume that
∆=1Z = Θ
=1
Z by replacing B with (1 − ε)B for 0 < ε ≪ 1. By this
condition ∆=1Z = Θ
=1
Z , the union of all strata of (Z,ΘZ) mapped to
X˜ is Z ′. Therefore, f : (Z ′,ΘZ′) → X˜ is a quasi-log resolution of
[X˜, (ω +B)|X˜ ]. This is a key point of the proof of Theorem 2.10.
3. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1. The main result of this
section is as follows.
Proposition 3.1 ([Kol97, Theorem 6.4], [Fuj10, Proposition 2.1]). Let
[X,ω] be a projective qlc pair such that ω is an R-Cartier divisor. As-
sume that X is irreducible. Let N be an ample R-divisor on X and
x ∈ X be a closed point. Assume that there are positive numbers c(k)
for 1 ≤ k ≤ dimX with the following properties.
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(1) If x ∈ Z ⊂ X is an irreducible (positive dimensional) subvari-
ety, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
k
c(k)
≤ 1.
Then there is an effective R-Cartier divisor D ∼R cN with 0 ≤ c < 1
and an open neighborhood x ∈ X0 ⊂ X such that
(i) [X0, (ω +D)|X0] is qlc, and
(ii) x is a qlc center of [X0, (ω +D)|X0].
Note that [X,ω +D] has a natural quasi-log structure by Lemma 2.9.
To prove this proposition, we need some preparations.
Lemma 3.2. Let [X,ω] be an irreducible qlc pair and x ∈ X be a
general smooth point. Let Bx be an effective R-Cartier divisor such
that multxBx > dimxX. Then [X,ω +Bx] is not qlc at x.
Proof. By Lemma 2.9, [X,ω+Bx] has a natural quasi-log structure. Let
f : (Y,BY )→ X be a quasi-log resolution of [X,ω]. Since x is a general
smooth point, we may assume that every stratum of (Y, SuppBY ) is
smooth over a nonempty Zariski open neighborhood Ux of x. We can
assume that Ux is smooth. By taking a blow-up along an irreducible
component E of f−1(x), we can directly check that [X,ω + Bx] is not
qlc at x by multxBx > dimxX . 
Proposition 3.3. Let X be a projective irreducible variety with dimX =
n. Let ω be an R-Cartier divisor on X. Assume that there exists a
nonempty Zariski open set U ⊂ X such that [U, ω|U ] is a qlc pair. Let
H be an ample R-divisor on X such that Hn > nn. Let x be a closed
point of U such that no qlc centers of [U, ω|U ] contain x. Then there
is an effective R-Cartier divisor Bx on X such that Bx ∼R H and that
[U, (ω +Bx)|U ] is not qlc at x.
Proof. Let us consider X × A1 → A1 and take a general irreducible
curve C ′ on X × A1 passing through (x, 0) ∈ X × A1. Since C ′ is a
general curve, C ′ → A1 is finite. Let ν : C → C ′ be the normalization.
By taking the base change of X × A1 → A1 by C → C ′ → A1, we
obtain p2 : X × C → C. By construction, there exists a section s :
C → X × C of p2 such that s(C) is passing through (x, 0) ∈ X × C
for some 0 ∈ C. By [Fuj11b, Lemma 12.2] (in which it was assumed
that a variety should be normal, but the normality is not used in the
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proof), we can find an effective R-Cartier divisor B on X × C such
that B ∼R p
∗
1H , where p1 : X × C → X is the first projection and
that mults(C)B > n. By shrinking C, we can assume that B contains
no fibers of p2. By shrinking U , we can further assume that [U, ω|U ]
contains no qlc centers. We consider the natural quasi-log structure on
[U × C, p∗1ω|U + p
∗
20 + B|U×C ] by Lemma 2.8. Note that p
∗
20
∼= U is a
qlc center of this quasi-log structure. We assume that [U, (ω + Bx)|U ]
is qlc at x, where Bx = B|p∗
2
0. By applying the inversion of adjunction
(see Theorem 2.10) to [U × C, p∗1ω|U + p
∗
20], B|U×C , and p
∗
20
∼= U , we
see that [U ×C, p∗1ω|U + p
∗
20+B|U×C] is qlc in a neighborhood of (x, 0)
since [U, (ω +Bx)|U ] is qlc at x. Then we obtain that [U × C, p
∗
1ω|U +
p∗20 + B|U×C] is qlc at (s(t), t) if t is sufficiently close to 0 ∈ C. Thus,
by adjunction, [U, (ω+B|p∗
2
t)|U ] is qlc at s(t) if t is sufficiently close to
0 ∈ C and is general in C. On the other hand, [U, (ω+B|p∗
2
t)|U ] is not
qlc at s(t) for general t ∈ C by Lemma 3.2. This is a contradiction.
Therefore, [U, (ω + Bx)|U ] is not qlc at x. This means that Bx is a
desired effective R-Cartier divisor. 
The following proposition was established for kawamata log terminal
pairs in [Kol97, Theorem 6.7.1] and for log canonical pairs in [Fuj10,
Proposition 2.7].
Proposition 3.4. Let X be a projective irreducible variety and ω be an
R-Cartier divisor on X. Assume that there exists a nonempty Zariski
open set U ⊂ X such that [U, ω|U ] is a qlc pair. Let x ∈ U be a closed
point and Z be the minimal qlc stratum of [U, ω|U ] passing through x
with k = dimZ > 0. Let H be an ample R-divisor on X such that
Hk · Z > kk, where Z is the closure of Z in X. Then there are an
effective R-Cartier divisor B ∼R H, a real number 0 < c < 1, and an
open neighborhood x ∈ X0 ⊂ U such that:
(1) [X0, (ω + cB)|X0] is qlc, and
(2) there is a minimal qlc stratum Z1 of [X
0, (ω + cB)|X0 ] passing
through x with dimZ1 < dimZ.
Proof. Since [U, ω|U ] is a qlc pair, [Z, ω|Z] has a qlc structure by ad-
junction (see Theorem 2.7). Note that Z is normal at x because Z is
minimal. Of course, no qlc centers of [Z, ω|Z] contain x. By Propo-
sition 3.3, there is an effective R-Cartier divisor FZ ∼R mH|Z such
that [Z, (ω + 1
m
FZ)|Z ] is not qlc at x. Furthermore, as in [Fuj11b,
Lemma 12.2], we can assume that H = H1 + a2H2 + · · ·+ atHt where
H1 is an ample Q-divisor such that H
k
1 · Z > k
k, ai is a positive real
number and Hi is an ample Cartier divisor for every i ≥ 2, and that
FZ = F1+a2F2+ · · ·+atFt with Fi ∼Q mHi|Z for every i. By replacing
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m and FZ with mk and kFZ for some large positive integer k, we can
take m as large as we want. Especially, for every i, we can find m such
that mHi is an ample Cartier divisor and that Fi ∼ mHi|Z for every i.
We may further assume that
H1(X,IZ ⊗OX(mHi)) = 0
for every i by Serre’s vanishing theorem, where IZ is the ideal sheaf of
Z on X , and that IZ ⊗ O(mHi) is globally generated for every i. By
the following short exact sequence:
0→ IZ ⊗ OX(mHi)→ OX(mHi)→ OZ(mHi)→ 0,
we obtain that the natural restriction map
H0(X,OX(mHi))→ H
0(Z,OZ(mHi))
is surjective. Therefore, we can take Di ∈ |mHi| on X such that
Di|Z = Fi for every i. We put F = D1 + a2D2 + · · · + atDt. Then
F |Z = FZ and F ∼R mH . Since Z is a minimal qlc stratum of [U, ω|U ]
passing through x, in a neighborhood x ∈ X0 ⊂ U , we may assume
that SuppF contains no qlc centers of [U, ω|U ]. By the inversion of
adjunction (see Theorem 2.10), [X0, (ω+ 1
m
F )|X0] is not qlc at x. Since
we assumed that IZ ⊗ OX(mHi) is globally generated for every i, by
choosing Di general for every i, we obtain that [X
0, (ω+ 1
m
F )|X0] is qlc
on X0 \ Z. By the above argument, we have constructed an R-Cartier
divisor F ∼R mH on X such that
(1) F |Z = FZ ;
(2) [X0, (ω + 1
m
F )|X0] is qlc on X
0 \ Z;
(3) [X0, (ω + 1
m
F )|X0] is qlc at the generic point of Z;
(4) [X0, (ω + 1
m
F )|X0] is not qlc at x ∈ Z.
We put B = 1
m
F . Let c be the maximal real number such that [X0, (ω+
cB)|X0] is qlc at x. Then, after shrinking X
0 further, we have a new
minimal qlc center Z1 of [X
0, (ω + cB)|X0 ] passing through x. Note
that Z (after restriction) is also a qlc center in this new qlc structure
too. Therefore, we have that x ∈ Z1 ⊂ Z and dimZ1 < dimZ. 
Now, we are ready to prove Proposition 3.1.
Proof of Proposition 3.1. Let Z1 be the minimal qlc stratum of [X,ω]
passing through x. If dimZ1 = 0, then it is done. If dimZ1 > 0,
then, by Proposition 3.4, we can find x ∈ D1 ∼R
k1
c(k1)
N , 0 < c1 < 1
and an open neighborhood X0 of x such that [X0, (ω + c1D1)|X0 ] is
qlc and k2 = dimZ2 < k1 where Z2 is the minimal qlc strutum of
[X0, (ω+ c1D1)|X0] passing through x. By Lemma 2.9, we can consider
the natural quasi-log structure [X,ω+ c1D1], which coincides with the
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one of [X0, (ω+c1D1)|X0 ] when restricting toX
0. Repeat this argument
by Proposition 3.4. Finally, we get a sequence dimX ≥ k1 > k2 > · · · >
kt > 0, where ki ∈ Z with the following properties:
(1) there is an effective R-Cartier divisor x ∈ Di ∼R
ki
c(ki)
N for
every i;
(2) there is a real number 0 < ci < 1 for every i;
(3) [X,ω +
t∑
i=1
ciDi] is qlc in a neighborhood X
0 of x;
(4) x is a qlc center of [X,ω +
t∑
i=1
ciDi].
We put D =
t∑
i=1
ciDi. Then D has the desired properties. Note that
0 ≤ c =
t∑
i=1
ci
ki
c(ki)
< 1 and D ∼R cN . 
Proof of Theorem 1.1. By Remark 1.2, we may assume that X is ir-
reducible. Let D be an R-Cartier divisor constructed in Proposition
3.1. By Lemma 2.9, we still have a natural quasi-log structure on
[X,ω + D]. Then, by the construction of X0 in Proposition 3.1, x is
still a qlc center of this quasi-log structure on [X,ω + D] and is dis-
joint from Nqlc(X,ω +D). We consider X˜ = x ∪Nqlc(X,ω +D). By
adjunction (see Theorem 2.7), X˜ has a quasi-log structure induced by
[X,ω +D]. Now we have the following short exact sequence:
0→ IX˜ → OX → OX˜ → 0.
Since M − (ω + D) ∼R (1 − c)N is ample, H
1(X,IX˜ ⊗ OX(M)) =
0 by the vanishing theorem in Theorem 2.7. Therefore, the natural
restriction map
H0(X,OX(M))→ H
0(X˜,OX˜(M))
is surjective. Note that x ∩ Nqlc(X,ω +D) = ∅, Thus we obtain that
H0(X,OX(M))→ H
0(X˜,OX˜(M))→ H
0(x,OX˜(M)) = OX˜(M)⊗C(x)
is surjective. This is what we wanted. 
As a direct consequence of Theorem 1.1, we have:
Corollary 3.5 (Effective freeness for semi-log canonical pairs). Let
(X,∆) be a projective semi-log canonical pair. Let M be a Cartier
divisor on X such that N =M − (KX +∆) is ample. Let x ∈ X be a
closed point. We assume that there are positive numbers c(k) with the
following properties.
12 HAIDONG LIU
(1) If x ∈ Z ⊂ X is an irreducible (positive dimensional) subvari-
ety, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
k
c(k)
≤ 1.
Then OX(M) has a global section not vanishing at x.
Proof. By [Fuj14c, Theorem 1.1], we see that [X,KX+∆] has a natural
quasi-log structure with only quasi-log canonical singularities, which is
compatible with the original semi-log canonical structure of (X,∆).
For the details, see [Fuj14c]. Then, by Theorem 1.1, we know that
OX(M) has a global section not vanishing at x. 
4. Proof of Theorem 1.3
In this section, we will prove Theorem 1.3. By Remark 1.4, we may
assume that X = W1 ∪W2, where W1 (resp. W2) is the minimal qlc
stratum of [X,ω] passing through x1 (resp. x2) with dimW1 ≤ dimW2.
We put V = W1∩W2. Then we obtain that either V (W2 or V = W2.
If V ( W2, then V is a union of qlc centers of W2 and x2 /∈ V by
[Amb03, Proposition 4.8] (see also [Fuj14a]).
First, we slightly generalize Proposition 3.4 as follows.
Proposition 4.1. Let X be a projective irreducible variety and ω be an
R-Cartier divisor on X. Assume that there exists a nonempty Zariski
open set U ⊂ X such that [U, ω|U ] is a qlc pair. Let x ∈ U be a closed
point and Z be the minimal qlc stratum of [U, ω|U ] passing through x
with k = dimZ > 0. Let V be a qlc center of [U, ω|U ] disjoint from
x. Let H be an ample R-divisor on X such that Hk · Z > kk, where
Z is the closure of Z in X. Then there are an effective R-Cartier
divisor B ∼R H, a real number 0 < c < 1, and an open neighborhood
x ∈ X0 ⊂ U such that:
(1) [X0, (ω + cB)|X0] is qlc, and
(2) there is a minimal qlc stratum Z1 of [X
0, (ω + cB)|X0 ] passing
through x with dimZ1 < dimZ.
(3) V is still a qlc stratum of [X0, (ω+cB)|X0] disjoint from x after
restrition.
Proof. In the proof of Proposition 3.4, we can choose F so general
that V is not contained in SuppB, where B = 1
m
F . Then, by Lemma
2.9, V is still a qlc center of the new quasi-log structure of [X0, (ω +
cB)|X0]. 
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Following the same line as in Section 3, we have a generalization of
Proposition 3.1. The proof of Proposition 4.2 is obvious.
Proposition 4.2. Let [X,ω] be a projective qlc pair such that ω is an
R-Cartier divisor. Assume that X is irreducible. Let N be an ample
R-divisor on X and x ∈ X be a closed point. Let V be a qlc center of
[X,ω] disjoint from x. Assume that there are positive numbers c(k) for
1 ≤ k ≤ dimX with the following properties.
(1) If x ∈ Z ⊂ X is an irreducible (positive dimensional) subvari-
ety, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
k
c(k)
≤ 1.
Then there is an effective R-Cartier divisor D ∼R cN with 0 ≤ c < 1
and an open neighborhood x ∈ X0 ⊂ X such that
(i) [X0, (ω +D)|X0] is qlc, and
(ii) x is a qlc center of [X0, (ω +D)|X0].
(iii) V is still a qlc center of [X0, (ω +D)|X0 ] disjoint from x after
restriction.
Note that [X,ω + D] has a natural quasi-log structure by Lemma 2.9
and V is a qlc center of [X,ω +D].
We give a proof of Theorem 1.3 when W1 ∩W2 (W2.
Proof of Theorem 1.3 when V = W1 ∩W2 (W2. This proof is essen-
tially the same as the proof of Theorem 1.1. Here, we will prove that
IW1 ⊗ OX(M) has a global section not vanishing at x2. Note that
such a section obviously separates x1 and x2. Since we have a natural
isomorphism
H0(X,IW1 ⊗OX(M))
∼= H0(W2,IV ⊗ OW2(M))
by X = W1 ∪ W2 and V = W1 ∩ W2, we only need to prove that
IV ⊗OW2(M) has a global section not vanishing at x2. Let us consider
the qlc pair [W2, ω|W2] by adjunction. We take an R-Cartier divisor D
on W2 constructed as in Proposition 4.2. Then x2 is a qlc center of
the induced new quasi-log structure on [W2, ω|W2 +D] and is disjoint
from Nqlc(W2, ω|W2 +D). Note that V is still a qlc center of this new
quasi-log structure. We put W˜ = x2 ∪ V ∪ Nqlc(W2, ω|W2 + D). By
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adjunction (see Theorem 2.7), W˜ has a quasi-log structure induced by
[W2, ω|W2 +D]. Now we have the following short exact sequence:
0→ IW˜ → OW2 → OW˜ → 0.
Since M − (ω +D) ∼R (1 − c)N is ample, H
1(W2,IW˜ ⊗ OW2(M)) =
0 by the vanishing theorem in Theorem 2.7. Therefore, the natural
restriction map
H0(W2,OW2(M))→ H
0(W˜ ,OW˜ (M))
is surjective. We put V˜ = Nqlc(X,ω+D)∪V . Then x2∩ V˜ = ∅, Thus
we obtain that
H0(W2,OW2(M))→ H
0(W˜ ,OW˜ (M)) = H
0(V˜ ,OV˜ (M))⊕ C(x2)
is surjective. By taking a pull-back of 0⊕1, we get what we wanted. 
Remark 4.3. In the case when V (W2, the assumptions in Theorem
1.3 can be replaced as follows.
(1) If x2 ∈ Z ⊂ X is an irreducible (positive dimensional) subvari-
ety, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimW2∑
k=1
k
c(k)
≤ 1.
This is obvious by the above proof of Theorem 1.3 for the case when
V (W2.
From now on, we treat the case when V =W1 = W2.
Proposition 4.4. Let X be a projective irreducible variety with dimX =
n. Let ω be an R-Cartier divisor on X. Assume that there exists a
nonempty Zariski open set U ⊂ X such that [U, ω|U ] is a qlc pair.
Let H be an ample R-divisor on X such that Hn > 2nn. Let x1, x2
be two closed points of U such that no qlc centers of [U, ω|U ] contain
x1, x2. Then there is an effective R-Cartier divisor Bx1,x2 on X such
that Bx1,x2 ∼R H and that [U, (ω +Bx1,x2)|U ] is not qlc at x1, x2.
Proof. As in the proof of Proposition 3.3, we can take a smooth pointed
affine curve 0 ∈ C such that the second projection p2 : X×C → C has
two sections s1 and s2, s1(C) (resp. s2(C)) is passing through (x1, 0)
(resp. (x2, 0)) on X × C, and p1(si(C)) is a general curve on X for
i = 1, 2, where p1 is the first projection X × C → X . Then we can
find an effective R-Cartier divisor B on X × C such that B ∼R p
∗
1H
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and multsi(C)B > n for i = 1, 2. The same arguments as in the proof
of Proposition 3.3 produce a desired effective R-Cartier divisor Bx1,x2
on X . We leave the details as an exercise for the reader. 
Thus we can generalize Proposition 3.4 to the following one without
any difficulties.
Proposition 4.5. Let X be a projective irreducible variety and ω be an
R-Cartier divisor on X. Assume that there exists a nonempty Zariski
open set U ⊂ X such that [U, ω|U ] is a qlc pair. Let x1, x2 ∈ U be
two closed points and Z be the common minimal qlc stratum of [U, ω|U ]
passing through x1, x2 with k = dimZ > 0. Let H be an ample R-
divisor on X such that Hk ·Z > 2kk, where Z is the closure of Z in X.
Then there are an effective R-Cartier divisor B ∼R H, a real number
0 < c < 1, and an open neighborhood x1, x2 ∈ X
0 ⊂ U such that:
(1) [X0, (ω + cB)|X0] is qlc at one point of x1, x2, say at x1,
(2) there is a minimal qlc stratum Z1 of [X
0, (ω + cB)|X0 ] passing
through x1 with dimZ1 < dimZ, and
(3) [U, (ω + B)|U ] is not qlc at x2 or there exists a qlc center of
[U, (ω +B)|U ] passing through x2.
Proof of Theorem 1.3 when V = W1 =W2. We use Proposition 4.5 to
cut down X = W1 =W2. Then we obtain [X,ω+cB], where 0 < c < 1
is a real number, such that:
(1) B is an effective R-Cartier divisor such thatB ∼R
21/kk
c(k)
N , where
k = dimX .
(2) [X,ω + cB] is qlc at one point of x1, x2, say at x1,
(3) there is a minimal qlc stratum Z1 of [X,ω+cB] passing through
x1 with dimZ1 < dimZ, and
(4) [X,ω+cB] is not qlc at x2 or there is a qlc center of [X,ω+cB]
passing through x2.
If [X,ω+ cB] is qlc at both x1 and x2 and if x1 and x2 are still stay on
the same minimal qlc center of [X,ω+ cB], then we apply Proposition
4.5 again. By repeating this process finitely many times, we will obtain
the situation where there is a suitable effective R-Cartier divisor B′,
such that [X,ω+B′] is not qlc at one of x1 and x2, or x1 and x2 are on
different minimal qlc centers of [X,ω+cB]. Then we will go to the first
case proved by Proposition 4.1 (and Section 3). We leave the details
as an exercise for the reader. Thus we get what we want. 
As a corollary of Theorem 1.3, we have:
Corollary 4.6 (Effective point separation for semi-log canonical pairs).
Let (X,∆) be a projective semi-log canonical pair. Let M be a Cartier
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divisor on X such that N = M − (KX + ∆) is ample. Let x1, x2 ∈ X
be two closed points. We assume that there are positive numbers c(k)
with the following properties.
(1) If Z ⊂ X is an irreducible (positive dimensional) subvariety
that contains x1 or x2, then
NdimZ · Z > c(dimZ)dimZ .
(2) The numbers c(k) satisfy the inequality:
dimX∑
k=1
21/k
k
c(k)
≤ 1.
Then OX(M) has a global section separating x1 and x2.
Proof. See the proof of Corollary 3.5. 
References
[Amb03] F. Ambro, Quasi-log varieties, Tr. Mat. Inst. Steklova 240 (2003), Bi-
ratsion. Geom. Linein. Sist. Konechno Porozhdennye Algebry, 220–239;
translation in Proc. Steklov Inst. Math. 2003, no. 1 (240), 214–233.
[AS95] U. Angehrn, Y.-T. Siu, Effective freeness and point separation for adjoint
bundles, Invent. Math. 122 (1995), no. 2, 291–308.
[Fuj09] O. Fujino, Introduction to the log minimal model program for log canon-
ical pairs, preprint (2009).
[Fuj10] O. Fujino, Effective base point free theorem for log canonical pairs, II.
Angehrn–Siu type theorems, Michigan Math. J. 59 (2010), no. 2, 303–
312.
[Fuj11a] O Fujino, Introduction to the theory of quasi-log varieties, Classification
of algebraic varieties, 289–303, EMS Ser. Congr. Rep., Eur. Math. Soc.,
Zu¨rich, 2011.
[Fuj11b] O. Fujino, Fundamental theorems for the log minimal model program,
Publ. Res. Inst. Math. Sci. 47 (2011), no. 3, 727–789.
[Fuj14a] O. Fujino, Foundation of the minimal model program, preprint (2014).
[Fuj14b] O. Fujino, Pull-back of quasi-log structures, preprint (2014).
[Fuj14c] O. Fujino, Fundamental theorems for semi log canonical pairs, Algebr.
Geom. 1 (2014), no. 2, 194–228.
[Fuj15] O. Fujino, Effective basepoint-free theorem for semi-log canonical sur-
faces, preprint (2015).
[Kaw07] M. Kawakita, Inversion of adjunction on log canonicity, Invent. Math.
167 (2007), no. 1, 129–133.
[KK10] J. Kolla´r, S. J. Kova´cs, Log canonical singularities are Du Bois, Amer.
Math. Soc.23 (3), 791-813.
[Kol97] J. Kolla´r, Singularities of pairs, Algebraic geometry—Santa Cruz 1995,
221–287, Proc. Sympos. Pure Math., 62, Part 1, Amer. Math. Soc., Prov-
idence, RI, 1997.
EFFECTIVE FREENESS 17
[KS11] S. J. Kova´cs, K. Schwede, Hodge theory meets the minimal model pro-
gram: a survey of log canonical and Du Bois singularities, Topology of
Stratified Spaces, 51–94, Math. Sci. Res. Inst. Publ., 58, Cambridge Univ.
Press, Cambridge, 2011.
[OT87] T. Ohsawa, K. Takegoshi, On the extension of L2 holomorphic functions,
Math. Z. 195 (1987), no. 2, 197–204.
Department of Mathematics, Graduate School of Science, Kyoto
University, Kyoto 606-8502, Japan
E-mail address : liu.dong.82u@st.kyoto-u.ac.jp
